Introduction and the statement of our main results

Throughout this paper, let
holds true for all integers n ≫ 0, which we call the Hilbert coefficients of A with respect to I. In this paper, we will study the Hilbert coefficients of the maximal ideal m. In what follows, let Q = (a 1 In the case where A is a Cohen-Macaulay local ring, Elias and Valla [3] showed that the inequality In [1] , Corso proved that in an arbitrary Noetherian local ring A the inequality 2e 0 (m) − e 1 (m) + e 1 (Q ) ≤ v(A) − d + 2
holds true. Here we should note that Guerrieri and Rossi [9] gave the above inequality for Hilbert coefficients of Hilbert filtrations. Corso explore the border case of this inequality and posed the following conjecture about the Buchsbaumness of the associated graded ring of m. 
Then we have m (1) For all n ∈ Z,
and (4) the associated graded ring G is a Buchsbaum ring with the Buchsbaum invariant I(G) = I(A).
Here let us briefly recall the definition of Buchsbaum local rings. The readers may consult the book [16] of Stückrad and Vogel for a detailed theory, some of which we shall note here for the use in this paper.
We say that our local ring A is Buchsbaum, if the difference
is independent of the choice of parameter ideals q in A and is an invariant of A. We denote this difference by I(A) and call it the 
holds true.
We say that A is a generalized Cohen-Macaulay local ring, if all the local cohomology modules {H where q runs through parameter ideals in A [15] . When this is the case, one has
Suppose that A is a generalized Cohen-Macaulay local ring and let q be a parameter ideal in A. Then q is called standard, if
We are now in a position to briefly explain how we organized this paper. We shall prove Theorem 1.2 in Section 3. We will introduce in Section 2 some techniques of [1, 2] which are the key for the proof of Theorem 1.2. In Section 2, we will also summarize some auxiliary results on Sally modules for later use in this paper. In the end of Section 3, we will give one example of maximal ideal m with 2e 0 (m) − e 1 (m) + e 1 (Q ) = v(A) − d + 2 in a Buchsbaum local ring (A, m).
Preliminary steps for the proof
In our proof of Theorem 1.2, we need some structure theorems for the Sally module of the maximal ideal. The purpose of this section is to summarize the definition and some auxiliary results on Sally modules, which we need throughout this paper.
Following Vasconcelos [18] , we define
and call it the Sally module of m with respect to Q .
Remark 2.1 (cf. [6, 7] ). We notice that S is a finitely generated graded T -module and m To state the results of this section, let us consider the following condition (cf. [7] ).
d forms a d-sequence in the sense of Huneke [10] , in any order.
The condition (C 1 ) is naturally satisfied, when A is a Cohen-Macaulay local ring. Here we notice that condition (C 1 ) is equivalent to saying that our local ring A is a generalized Cohen-Macaulay ring and the parameter ideal Q is standard [15] .
Hence condition (C 1 ) is independent of the choice of a minimal system {a i } 1≤i≤d of generators of the parameter ideal Q . We note here that condition (C 1 ) is always satisfied, if A is a Buchsbaum local ring.
Let us now introduce the techniques of [1, 2] which plays a crucial role throughout this paper.
Let us begin with the following. Here we denote by as graded T -modules. Consequently, we get the required exact sequence.
Lemma 2.2. Assume that m Q . Then there exists an exact sequence
T (−1) v−d φ → R/T → S(−1) → 0 as graded T -modules.
Proof. Let us write
Tensoring the exact sequence of Lemma 2.2 with A/m, we get an exact sequence 
for all n ≥ 0.
Proof. In addition to the exact sequences (i) and (ii), we also have the canonical exact sequence:
of graded T -modules. Hence we get
for all n ≥ 0 by the exact sequences (i) and (iii). Therefore, by the exact sequence (ii), we have
We set 
Then, by Lemma 2.3, we have the following lemma. 
where e 0 (S) denotes the multiplicity of graded T -module S.
On the other hand, since 
Therefore we get
as required.
Thanks to above Lemma 2.4, we have the following result of Corso [1] .
Proof. When m = Q then the equality 2e 0 (m) − e 1 (m) + e 1 (Q ) = v − d + 2 is automatically satisfied. Therefore, we may assume that m Q and thanks to Lemma 2.4 we get the required inequality.
In our proof of Theorem 1.2, we need the following. 
When this is the case we have mS = (0). 
by Lemma 2.4, where e 0 (K i ) denotes the multiplicity of graded T -modules K i . Therefore we have
However, it is contradiction. Therefore, we have
(2) ⇒ (1) By the exact sequences 
Then we have the following:
Proof. If m = Q then all conditions (1) and (2) are naturally satisfied. We may assume that m Q . Proof. We set C = A/W , then condition (C 1 ) is satisfied for the ring C and the ideals mC and QC . We have depthC > 0 and 2e 0 (mC)−e 1 (mC)+e 1 (QC) ≤ v(C)−dim C +2 by Proposition 2.5. Since e 0 (m) = e 0 (mC), e 1 (m)−e 1 (Q ) = e 1 (mC)−e 1 (QC), and v(C) ≤ v, we then have 2e 0 (m) − e 1 (m) + e 1 (Q ) = 2e 0 (mC) − e 1 (mC) + e 1 (QC) 
In the rest of our proof of Theorem 2.8, we have to show that m We may assume that d ≥ 2 and that our assertion holds true for d − 1. We set A = A/(a 1 ), m = mA, and Q = Q A, and notice that condition (C 1 ) is satisfied for the ring A and the ideals m and Q . We have 2e 0 (m)−e 1 (m)+e 1 
by Proposition 2.5.
Then, since e 0 (m) = e 0 (m), e 1 (m) = e 1 (m), and e 1 (Q ) = e 1 (Q ), we have the following. Corollary 2.7(1) and a 1 , a 2 , . . . , a d forms a d-sequence on A. Therefore since f 1 = a 1 t is a G- 
Proof of the main theorem
The purpose of this section is to give a proof of Theorem 1.2. Before giving the proof of Theorem 1.2, we note the following. 
We divide the proof of Theorem 1.2 into few steps. Let us begin with the following. 
as graded T -modules. Therefore, by Trung [17, Theorem 6 .1] we get the required assertion. Proof of Theorem 3.2. We set C = A/W . Then we have e 0 (mC) = e 0 (m) and e 1 (mC) − e 1 (QB) = e 1 (m) − e 1 (Q ), and 
holds true. Let us consider the canonical epimorphism 
Then we have t ≥ 1 and Assume that t < d. We look at the exact sequence
of local cohomology modules induced from the exact sequence
Then since H 
of local cohomology modules induced by the exact sequence
is also a finitely graded module.
By Proposition 2.6, we have exact sequences
of graded T -modules. Applying the local cohomology functor H i M ( * ) to the above exact sequences, we get injective maps 
is a Buchsbaum local ring, and
Proof. Let C = A/W . Then depthC > 0 and condition (C 1 ) is satisfied for the ring C and the ideals mC and QC . We have e 0 (mC) = e 0 (m) and e 1 (mC) − e 1 (QC) = e 1 (m) − e 1 (Q ), and W ⊆ m 2 by Theorem 2.8. Therefore we have v(C) = v and 2e 0 (mC) − e 1 (mC) + e 1 (QC) = 2e 0 (m) − e 1 (m) + e 1 (Q )
(1) Let us consider the canonical epimorphism 
